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Abstract

In this report, we will discuss two optimization method: Nestorov’s accelerated
gradient method and mirror descent, from several ways. We will first present the
problem settings each algorithm tends to address and then show the main process
of each one. For each algorithm, we will show the proof of convergence and also
discuss some aspects of the convergence results and developments.

1 Nestorov’s Accelerated Gradient Method

1.1 Introduction

The classic gradient descent update step is defined as x; = x4_1 —aV f(x;_1), where the «
is constant. In class and homework, we discussed some methods that using line search to
choose a better a at each step to speed up the convergence. The Nestorov’s Accelerated
Gradient and the momentum method group it belongs to are other modifications that
introduce another variable and update both variables at each time.

Nestorov’s Accelerated Gradient is originally proposed by Yurii Nesterov in 1983 and
considered to have the fastest convergence rate. However, the intuition behind it is some-
thing hard to interpret at that time. As a group of gradient method called momentum
are proposed, some scientists gave their insights about it that it can be regarded as a
momentum method. We first give the original definition according to Bubeck| [2013].

1.2 Definition

Definition 1. (Nestorov’s Accelerated Gradient Method, 1983)

Suppose f is convex and V f is L-Lipshitz. Define e_1 an arbitrary positive number. To
obtain &, fort > —1 , repeatedly mutiply e,_, by a factor 8 <1, i.e. &, = * g4y until &
satisfies:

flee — eV f(a)) < fla) - %et IV f(ze) |I? (1.1)

Starting with \g = 0, and an arbitrary initial point yo = xq, update the following equations



repeatedly to optimize f(y):

L+ /1+4M,
A (1.2)

2
1— )Xo
= 1.3
T (1.3)
Ti+1 = Y — 5tvf(yt) (1-4)
Yerr = (1= %)Te + 77 (1.5)

As shown above, this process iteratively updates two variabels: z; and y;, where z; is
the target that obtained from original gradient descent, and y; is the 'real’ target point
that updated by the combination of current and previous gradients.

1.3 Convergence Analysis

Nestorov’s accelerated gradient method is proven to converge at a rate of O(1/t?).

Theorem 1. If f is conver and L-smooth, Nestorov’s accelerated gradient method satis-

fies:
2L || 1 — z* ||?
<

Flo) ~ ) p (1.6
when choose ey = 1.
Proof. Consider following equations for any z and y:
fly=eVi) —flx) = fly—eVIiw)—fly)+fly) - f(z)
< —5e I VW) I 4V 1) - o) (1.7

Let y =y, x = x4, = &4, we have
fye—eaV i) — f(e) = f(xe) — fa)
e IVFG) I 4V f) e —2)  (18)

Rewrite the update equation (([1.4))), we have Vf(y;) = %(yt — 441). Thus, we get the
following inequality:

IN

1 1
(@) = f(2e) < —2_& | Zer1 — ye ||2 —g_t(fftﬂ - yt)T(?/t — Tt) (1.9)

Let y =y, x = y*, ¢ = ¢, we similarly have:

1
foi) = 1) €~ oo = w0 P~ (o -l —y) (110)

Then, from ((L.9))x (A — 1)+((L.10)), we get
Mf(xe1) = N = D) f(@e) = F(y7) = Me(f(@en) — F(y7) — e = D) (f () — f(¥7))

A 1 *
< —? | Te1 — ue ||2 _E_(It+1 - yt)T<>\tyt — (A= Dz —y7) (1.11)
t t



Notice following property of A, from ((1.2])) we have

(2) —1)* = 1+4)\2,
M- = A, (1.12)

Multiply ((1.11))) by A\; and apply ((1.12)), we get
N (f@een) = F(U) = Xl = D)(f(ae) = f(y7))

1
< —?(H M(@epr = o) I +2X (@i — 50" Nye — (A = D — ")
t
1
=~ Al =y + o = (N = Dz = y7) I
— I Mye — (N — Dy —y* ||*)  (Complete the square)
1

= —2—&(” Mesr — (e = Dae =y | = | Aye = (e = Dz =y |P) (1.13)

Notice 7’s definition ((|1.3)) and y,;’s update equation, we have

Yer1 = (1 = ) Teq1 + Ve
& Yrr1 = T + (T — Teq)
S Mp1¥er1 = AeprTepr + (1= N) (20 — 2441)
S M1 — N1 — Dy = Mwgr — (A — Dy (1.14)

Denote f(z:) — f(y*) as &, Mxey1 — (A — D)oy — y* as uy and apply ((1.14)) to ((1.13),
we have

1
Afbi — A6 < 2—(|| ug |7 = || wegr II7)
€t
1
< 5 (e 17 = 1 wera 117) (1.15)
best

where gpeq 18 the smallest ¢ among {eg, &1, ...,&;}. From the Descent Lemma, we know
that

Floe— eV () < f(w) — o0 | Vi) I? +560 | 95 () P

When ¢ < %, since éaf < %, the stop condition for ¢ is always satisfied. So if e_; is
smaller than %, e doesn’t change and ep.y = €_1. If €_1 is greater than %, any future &;

is at least greater than % Thus, the inequality ((1.15))) now can be written as

1
N1 — A2 6, <
t V41 t—1Y% = 26best

(e 1P = e %)
1
2man {5_1,%}

(Il e 1% = 1 e (1)

Sum over from t =1tot =t — 1, we have

1
AP 10— g0 < Sy av ([P =1 e [1?)
min {5_1, E}
1
= A8 < ; g lu [P (Ao =0)
2man {5,1, E}

(1.16)
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Figure 1

Notice \; > %(t + 1) and z* = y*, we get the following result:

2| @ — 2" |2

fw) = fz7) <

1.17
min {5_1, %} 12 ( )

If we know f is L-smooth, we just choose e_; = %, and the Theorem |[1|is proven true.
Equation ((1.17])) shows that the Nestorov’s Accelrated Gradient Method converges at a
rate of O(%). O

t2

1.4 Development

In later years, momentum gradient methods are proposed. We first introduce the original
momentum gradient descent method.

Definition 2. (Momentum Gradient Descent)

Different from classical gradient descent, the momentum gradient descent defines a mo-
mentum velocity as:

UV = Ut—1UVt—1 — etVf(xt) (118)

and the x; 1s updated by the current V f and previous momentum vy_q:

Ty = Tp_1 + Ut (119)

At each gradient descent step, we both iteratively update the and the . It
is called momentum because the z; is updated not only by the V f but also the previous
accumulated’” v;_1s. This effect is pretty like the momentum in kinematics, where the
position is updated by the velocity (momentum) and the velocity (momentum) is updated
by the force.

Some later work showed that the Nestorov’s Accelerated Gradient could also be regarded
as a particular momentum gradient (e.g. Ruder| [2016]).



The most famous development is from Ilya Sutskever, who is now the OpenAl cheif
scientist and became much more famous recently. In his PhD paper, he gave his insight
of Nestorov’s Accelerated Gradient.

Definition 3. (Sutskever Momentum, Sutskever| [2015])
Define new variables like follows:
U = T4 — Ty
Bt = =

Thus, the equation (1.5) can be rewritten as ;11 = x4 1+pve. The Nestorov’s Accelerated
Gradient update equations (1.4)) can be then rewritten as

T = T+ p1Ve1 — &V f (2 + pr-1ve1)
Rephrasing the equation and combining with (1.20)), the Sutskever momentum method is

Vg = V1 — &V f(Te + p1ve-1) (1.20)
Ti—1 + (% (121)

Lt
The update equation form of Sutskever momentum really looks like the original momen-

tum gradient method. So nowadays it is widely accepted as a form of momentum.

Sutskever’s insight here is, the key difference between Nestorov’s accelerated gradient
and momentum gradient method is that Nestorov’s accelerated gradient does not move
along the current derivative direction, but move towards the derivative of approximate
'next’ point, which makes it change more responsive. As illustrated in fig. More
momentum forms are discussed in this website |Ville [2016].

2 Mirror Descent

2.1 Intuition

When developing Projected Gradient Descent, we have the following update step:
Tntl = [xn - Oévf(xn)rr

1
where [0] is the solution to miél §||5 —y||*. Substitute y with x,1, we can get following
ye

equation:
Top = min|lz — (2, — aVf(z,))[]”

zeS
= min||z — 2, + aVf(z,)

€S

= rr161§1{||:r: — z,||? + 2oV f () (x — 2,) + M, }

I

1
. T 2
_ _ —|x = 2.1
min{ V" f(zn)(z = @n) + 5|l = 2all"} (2.1)
where M, is independent of x. Observing the equation, the second term is the Euclidean
distance between x and z,,. A natural thinking is what if we use other distances to better
the convergence when dealing with set S with special geometry. (The intuition part is
mainly from Tlienart| [2021], and following contents are mainly from (CMU] [2020])

>



2.2 Proximal Point View

Definition 4. (Bregman Divergence)

The Bregman Divergence from x to y w.r.t. a strictly convexr function h is defined as
Dy(yllz) = h(y) — h(z) = V' h(z)(y — z) (2:2)
By choosing different types of h(z), we can get different Bregman divergence. Two

typical examples are:

1. When h(z) = 3||z||?, the corresponding Bregman divergence is
1
Di(yllz) = 3lly — I

2. When h(z) =Y z;Inz; — z;, the corresponding Bregman divergence is

Yi
D = iIn = —y; + 2,
n(ylle) =D (y n =yt @)
When ) x; = 1 and )y = 1, we further get Dy(x||ly) = > y;iln %, which is called
KL-divergence.

Now, we replace the 2-Norm term in (2.1)) with Bregman divergence, i.e., using Bregman
divergence to approximate the distance to the current point x,, which comes to the
proximal point view.

Definition 5. (Prozimal Point View on Mirror Descent)

For a unconstrained optimization problem, replace the 2-Norm term in (2.1)) with Breg-
man divergence, we have following gradient descent method:

resr = min{ V7 £ () — ) + - Dilallen))
& 0 =aVTf(z;) + Vh(zi,) — Vh(zy)
&z = VR Y V() — aVT f(2)) (2.3)
When dealing with constrained optimization problem, we can just make
e = (V)T (VA(w) — oV f(22)

Tet1 = T:Uﬂelgl Dh($||x;+1) (2.4)

Here I give a simple proof on why 2.4] is valid.

Proof

v = min Do)
= min{h(x) — h(z)1) = V(o) (@ = 7740)}
= min{h(z) - hlzpy) = (Vh(z) = aV f(@) (@ = o)} (2.5)
= min{h(x) — (Vh(x,) = aVf(z))"r} (ignore some terms independent of x)
= min{h(z) - h(z) = Vha)( - 2) +aV ()7 (x - )}

= min{V"f(z,)(z — z,) + ! Dh@HQ?t)}

z€eS



which is exactly what mirror descent trying to optimize. The (2.5) line is because the
Vh(z) and (Vh)™'(x) cancel out. O

2.3 Mirror Map View

In this section, we discuss the Mirror Map view, which is the name Mirror Descent comes
from.

Definition 6. (Mirror Map View on Mirror Descent)

To minimize a convex function f over a convex set S, we first choose a differentiable
strictly convex function h : R™ — R, which gives us the mirror map Vh : R" — R".
Starting with xq, the mirror descent algorithm is following:

1. Map x; to dual space: 0, «— Vh(xy).
2. Do gradient descent in dual space: 0y <— 0y — oV f(zy).
3. Map back to the prime space: x, ; +— (Vh) 7 (0r11).
4. If ., out of set S, map it back using Bregman divergence: x4, = Iglelél Dy (z||z;, ).
The Mirror Map view provides another interpretation of the update equation pro-
posed in Proximal Point view. It decomposes the whole update equation into several

steps: using mirror map to map between the dual space (where we move along the
derivative direction) and primal space (where the optimization object exists).

2.4 Convergence Analysis

Before the convergence analysis, the dual norm has to be introduced.

Definition 7. (Dual Norm)

In class, we have already discussed the definition of general norms. Let || - || is a norm,
the corresponding dual norm || - ||« is defined as:

[lylls = sup{ay : [Jz|| < 1}

Theorem 2. Suppose ||-|| is a norm, its dual norm then is||-||«. h is m-strongly convez.
For all zy, ||V f(z¢)|| < G. The Mirror descent satisfies:

«Q 2m

S ) < 3 pa) + 2@l od e [V @l )

Before the proof, we introduce the generalized Cauchy-Schwarz inequality for any norms
as a lemma.

Lemma 1. (Generalized Cauchy-Schwarz) For any x and y, z7y < ||z|| - ||yl

Proof. When ||z|| = 0, it is obvious. For ||z|| # 0, ||ﬁ]| = ﬁHxH = 1. From the
definition of dual norm, we have ||y||. > (7%:)Ty, which finishes the proof. O

]
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Now we start the proof for the Theorem

Proof. Denote &, = W. We first examine the distance between ®,,; and ®,.

iy =@ = —(Dn(@|[zi41) = Du(z”||21))

QI—Q |+

(h(z*) = P(@e31) = VT h(ze) (@ — 2441)
—h(x*) + h(x;) + VI h(x) (2% — 1))
= —(h(w) - W) — (Vh(ze) — aV f ()" (2" = p41)
+VhY (z,) (2" — 2y))
(@) = h(we) = V() (2 = 2p41) + (VT (@) (25 = 2441)))

—_

QI—Q |

m *
< (=Gl — @l +aV @) (@ = 20)) (2.7)
The last inequality (2.7)) comes from the definition of strong convexity for any norm: f(x)
is m-strong convex, if and only if f(axr + (1 —a)y) < af(z) + (1 — ) f(y) +m||z — y||%.
This definition is different from the form that the professor gave in class (V f = ml w.r.t.
any norms), but I have not come up with a way to show the equivalence of them.

Putting (2.7) together with f(x;) — f(z*), we have
fl@e) = f(@7) + (Pry — 1)

< S = f@) + VI @)@ ) = gl — ol

< fla) = f@) + V) (@ —2) — %thﬂ — ||+ VI () (2" — x440)

< —%thﬂ — ||+ VT f(z) (2" — 2,41) (because of the convexity of f)

< —golles — @l 4 llee = zenll - [[VF ()]l (from the lemma ]

< s — P (IR + Dl — 2] P)(by the AMEGM inequality)
< 3olIVF@)IR (28)

After getting the inequality (2.8)), we are ready to telescope from t =1 to t = n:
n n ) a n
S ) =S F) < @@t S V)|
t=1 t=1 t=1

< Bt g V(@) (29)

Now, we nearly proved the theorem. In fact, there is still a missing part need to be proved
to finish the proof on constraint optimization cases: Dy, (2411]|2*) < Dy(;.4]|z*). This
can be seen as the generalized ”Projection not expansion” property. However, I have not
come up with it or found enough resources.

To further show the convergence, we can use the two techniques we discussed in class
(i.e., updating the average of z; or defining the x,.5) to get a convergence result. Say we
use the first method:



3

1 Dy (x*||z1) T 9
Z — f(z*) < \Y
D B P LAl
Dy (z* G?
< Dlellm)  a (2.10)
an 2m
To ensure the error go to zero as the n goes to infinite, we can choose « satisfying:
1D * 2
_ L Duaflen) | G7
a? n 2m
2m Dy, (z*||x1)
— = [
“ \/ nG?
Write back a to (2.10)):
G? Dy, (x>
RHS — 2 P l20) (2.11)
2mn
which goes to 0. O

From the result, we can know the mirror descent normally converges at the rate of
O(%) But the Dy (z*||x1) term provides us a way to improve the performance: we can
choose better Dy, to reduce the distance between x, and x; under the Bregman divergence
measurement.
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